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Abstract 

Let G be a graph, C a longest cycle in G and p, c the lengths of a longest 
path and a longest cycle in G\C, respectively. Almost all lower bounds for 
the circumference base on a standard procedure: choose an initial cycle Co 
in G and try to enlarge it via structures of G\Co and connections between 
Co and G\Co closely related to p, c and connectivity k. Actually, each 
lower bound obtained in result of this procedure, somehow or is related to 
K, p, c but in forms of various particular values of k, p, c and the major 
problem is to involve these invariants into such bounds as parameters. In 
this paper we present a lower bound for the circumference involving S, k 
and c and increasing with S, k and c. 

1 Introduction 

We consider only finite undirected graphs without loops or multiple edges. A 
good reference for any undefined terms is [1] . The set of vertices of a graph G is 
denoted by V(G); the set of edges by E{G). For S a subset of V(G), we denote 
by G\S the maximum subgraph of G with vertex set V(G)\S. For a subgraph 
H of G we use G\H short for G\V(H). 

Paths and cycles in a graph G are considered as subgraphs of G. If Q is a 
path or a cycle, then the length of Q, denoted by \Q\, is \E(Q)\. For Q a path, 
we denote \Q\ = — 1 if and only if V(Q) — 0. Throughout the paper, each vertex 
and edge can be interpreted as cycles of lengths 1 and 2, respectively. 



* The original version is preprinted in Transactions of the Institute for Informatics and Au- 
tomation Problems of the NAS (Republic of Armenia) and Yerevan State University, Mathe- 
matical Problems of Computer Science 21 (2000) 129—155. 

'G.G. Nicoghossian up to 1997 
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Let G be a graph and C a longest cycle in G. A cycle C is a Hamilton cycle 
if G\C — and is a dominating cycle if G\C is edgeless. We use n to denote 
the order, 5 the minimum degree and k the connectivity in G. The length |C|, 
denoted by c, is called a circumference. The lengths of a longest path and a 
longest cycle in G\C, will be denoted by p and c, respectively. 

Almost all lower bounds for the circumference base on a standard procedure: 
choose an initial cycle Co in a graph G and try to enlarge it via structures of 
G\Co and connections between Co and G\Co closely related to connectivity 
k and p, c. Actually, each lower bound obtained in result of this procedure, 
somehow or is related to k, p, c but in forms of various particular values of n, 
p, c and the major problem in long cycles theory is to involve these invariants 
into such bounds as parameters. 

The starting result in this area, due to Dirac [2], bases on the minimum 
degree 5. 

Theorem A [2]. In every graph, c > 5 + 1. 

The second result in the same paper [2] shows that under 2-connectedness 
the bound 5 + 1 in Theorem A can be replaced by min{n, 25}. 

Theorem B [2]. In every 2-connected graph, c > min{n, 25}. 

When G\C has a simple structure, namely is edgeless, Voss and Zuluaga [6] 
obtained the following. 

Theorem C [6]. Let G be a 3-connected graph. Then either c > 35 — 3 or each 
longest cycle in G is a dominating cycle. 

The first lower bound involving connectivity Kj cLS cl parameter has been ap- 
peared in 1981, by the author [3]. 

Theorem D [3]. Let G be a 2-connected graph. Then c > min{n, 3(5 — n}. 

Further, the first two bounds involving p and c has been appeared in 1998 
and 2000, respectively, again by the author [4], [5]. 

Theorem E [4]. Let G be a graph and C a longest cycle in G. Then \C\ > 
(p + 2)(6-p). 

Theorem F [5]. Let G be a graph and C a longest cycle in G. Then |C| > 
(c+l)(J-c+l). 

As a defect, the bound in Theorem D decreases as k increases. The bounds 
in Theorems E and F have the same defect for p > (6 — 2)/2 and c > 5/2, 
respectively. 
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In this paper we present a lower bound for the circumference involving 5, k 
and c and increasing with 5, k and c. 

Theorem 1. Let G be a graph and C a longest cycle in G. Then C > 
(j±n$(S + 2) ifc>«and \C\ > &^(5 + 2) ifc</c-l. . 

The result is sharp, as can be seen from the following family of graphs. 
Take n + 1 disjoint copies of the complete graph Ks- K +i and join each vertex 
in their union to every vertex of a disjoint complete graph K K . This graph 
(« + \)Ks- K +i + K K is clearly not hamiltonian. Moreover, c = k(6 — n + 2) and 
c = 6-k+1, implying that c = {5 + 2). 

In view of Theorem 1, we belive the following is also true in terms of p. 

Conjecture 1. Let G be a graph and C a longest cycle in G. Then |C| > 
g±^(<5 + 2) if J 5>«-l,and |C| > <g§£(* + 2) ifp<«-2. 

The next section is devoted to standard terminology. In section 3 we in- 
troduce some special definitions and convenient notations, where the notion of 
HC— extensions plays a central role in the sequel. In section 4 we investigate the 
main properties of HC— extensions and in the last section we prove our main 
result. 



2 Terminology 

An (x, y)-path is a path with endvertices x and y. Given an (x, y)-path L of G, 
wc denote by L the path L with an orientation from x to y. If u, v G V(L), 
then uLv denotes the consequtive vertices on L from u to v in the direction 
specified by L. The same vertices, in reverse order, are given by vLu. For 
L = xLy and u G V(L), let u + (L) (or just u + ) denotes the successor of u 
(u ^ y) on L and u" denotes its predecessor (u ^ x). If A C then 
A+ = {v+ | u G A\{y}} and A" = {v~ \ v G If Q is a cycle in G and 

A C ^(Q), then A+ and are analogously defined. For t; G ^(Q), v~($v 
will be interpreted as a vertex v. For v G V, put iV(u) = {u G V | to G £7} and 



3 Special Definitions 

We begin introducing some special definitions and convenient notations. For 
the remainder of this section let a longest cycle C in a graph G and a longest 
cycle H = u\. . . u^ui in G\C with h — cbe fixed. 

Definition 3.1. HC— extension; T(ui);u;u. 
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Let T(u\), . . . , T(uh) are vertex-disjoint (ui, Wi)-paths in G\G (i — 1, /i). 
The union T = [f i=l T( Ui ) is called PG-cxtcnsion if N(u t ) C V(T) (J V(C) for 
each i G {1, h}. An HC-extension T is called maximal if it is chosen so as to 
maximize \{u G V(H) \u ^ u}\. If u ^ u for some u G V(H), then we use u to 
denote u+ (/?(«)). 

Definition 3.2. (A, P)— path. 

Let A, B C V and P = 0. Let P is a path in G with all its inner ver- 
tices in V\(A{JB). Then E is called an (A, P)-path if E starts at any vertex 
in A and terminates at any vertex in B. For subgraphs H\ and H 2 of G, an 
(Pi, .ff2)-path is analogously defined. 

Definition 3.3. Q(P, V neut , V fin ) = (P , PJ; P t = y t P lZl (i = 0, . . . , tt). ^ 
Let V G V". A path with endvertices in V\V and all internal vertices in V 
is called a V —path. Let ~P* = v a vi . . . v n be a path in G of length n > 1 and let 
V^euti V/ in be vertex-disjoint subsets in V\V{P). We define Q(P, V neut , Vf in ) 
as a sequence of paths Pq, . . . , P n as follows: For i = 0, put Po = yo z h and 
X = V(vo~Pz ), where y = v a and z = v\. Now let P_i = y^i Pj_i.z»-i 
and Ai_i are defined for some integer i > 1. In order to define Pj and X, we 
distinguish three cases. 

(i) If every V neu t— path, starting in Xj_i — terminates in Xj_i, then 
Xj = and P T = Pj_i (so Pj is undefined). 

(ii) If there is a 14e«t— path P' = v'P'v" with u' G Xj_i — Zi-i and u" G V/j„, 
then X, = and P^ = Pi = yiP'zi, where yt = v' and ^ = v" . 

(Hi) There is a Vneut— path P" = w'P"w" with tu' G Xj_i — and 
to" G V(z^ 1 Pv n ) but there is no V neut — path satisfying (ii). 
Choose P" so as to maximize | vqPw" |. Then putting 

P i =y i P i> 'z i , X, = VivaPzi), 

where yt — w' and Z { — w" , we complete the definition of Pj and Xj. Since 
X c Xi c • • •, there must be some integer j (j > 1) with Pj = P v , which, in 
fact, completes the definition of ®(P , V neut , V/j n ). 

Definition 3.4. $„; ip u . 

Let T be a maximal HC-extension. For each u G V(H), put 

$ u = iV(«)f|V(T), ^ u = |$ u |, 

* u = N(u)f)V(C), ^„ = |*„|. 

Definition 3.5. U ;U ;U 1 ;U 2 ;U t ,. 

For T a maximal HC— extension, put 

L7b = {ue V(P)|u = u}, C7 = V(H)\U , Ui = {u e U |* u £ K(T(«)) }. 
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Let u G V(H)\(U U U x ) and 9(T», V neut ,V fm ) = (P , . . . , P n ), where 

V neut = V^\(F(T) |J V(C)), V fin = V^(T)\^(T(u)). 

A vertex u is called special if P v starts and terminates in V(T(u)). The set of 
all nonspecial vertices in V(H )\(Uo {J U\) is denoted by U 2 and the set of all 
special vertices by £/* . 

Definition 3.6. B u ; B*;b u ; b* u . 

Let T be a maximal HC-extension. For each u G V(H), put B u = {v G 

f/o I v £■}• Clearly B u = if u G ?7o- Furthermore, for each u G £/o, put 

B* = {v G | it wg £7. Clearly B* C J7 . Let 6„ = |S„| and 6; = \B*\. 

Definition 3.7. A u (v); p u (v); p u (v); A„; A u (v, w). 

Let T be a maximal HC-extension. For each u,v G V^-ff), put 

A>) = ($ u u^)f>™)- 

Let /o u (w) denote the vertex in A u {v) maximizing | w7 t (w) / 9 u (u) |. In particular, 

Pu(u) = u~ ■ Put ~p u {v) — u if p u {v) G and /5«(v) =u if p u (v) G £>„. Clearly 
p u (u) = ii. Put A„ = {» e V(H) \ A u (v) ^ 0}. For each v,w G A u (u ^ to), 
put 

A u (v,tu) = vT(v)p u (v)p u (v)T(u)p u (w)p u (w)T(w)w. 

Definition 3.8. Lp' u ;-y u ; f3 u ; p(T). 

For T a maximal HC— extension, put 

if u£V(H)\U*, j <p' u + b u if uGfJo, 

Vu I if uGt/*, 7tt | if uef / , 

A= (7 " + 2 7 " +) (UGV(H)), »{T) = \ Y, A.- 

Definition 3.9. T— transformation; T tr {Ei 7 E n );T tr (v\, ...,v n ). 

Let T be a maximal HC— extension and let E\,...,E n are vertex-disjoint 
(if, C)— paths with Ei = v^iWi (i — 1, ...,n). Assume that the union of 
Ei,...,E n intersect T(z) for some z G V(H)\{vi, ...,v n }. Clearly z G Uq. walk- 
ing along T(z) from z to z we stop at the first vertex w G U"=i ^C^*)- Assume 
w.l.o.g. that w G Replacing the segment v\E\w of a path E\ by zT(z)w 

we get a new path E® instead of E\. If the union of E®, E 2} E n intersect 
T(z ) for some z G v 2 , v n }, then continue this procedure. In a 

finite number of steps we obtain 

n 

| {v G : ( (J V(E[)) f) 7^ 0} 1= « 

i=l 



5 



for some vertex-disjoint (H, C)-paths E ± , E n . Let E i = v^^Wi (i = 1, n). 
By writing 

T tr {E u ...,E n ) = {E[,...,E' n ), T tr (v l7 ...,v n ) = (v[,.. .,v' n ) , 
we say that E 1 ,...,E n is a T— transformation of Ei, E n . By the definition, 



Vi&{vi}[JU (i = l,...,n), T tr (w 1 ,...,w n ) = (w!,...,w n ) . 

Definition 3.10. 0(x, y); O x (x, y); 0(y, x); 0(x, x); O y (x, y); 0(x, y); 0(y, V). 

Let T be a maximal HC— extension. For each pair of distinct vertices x, y G 
V(H), put 

V,= |J V(T(v)){J{x,y}, V 2 = V 1 \J{x}. 

■v<£{x,y} 

Let 0{x,y) (resp. O x (x, y), 0(y, x), 0(x, x)) be the longest (x,y)— path 
(resp. (x,y)-path, (y,x)-path, (x,x)-path) in (Vi) (resp. (V^),^},^}). The 

o o 

paths O y (x,y), 0(x,y), and 0(y,y) are analogously defined. 

Definition 3.11. (x, y) ; Q (x, y, E,F) ; £1 (v, ty, x, y, E, F) . 

Let T be a maximal HC— extension and let E, F be a pair of vertex disjoint 
T-transformed (if, C) -paths with E = xEv and F = yFw. If \T (x) \ - 1 ^ 1, 
then we denote (x, y, E, E) = 0(x, y). Otherwise, 



Q x (x,y,E,F) 



O x (x,y) if x#V(E)\JV{F), 
0(x,y) if xeV(E), 
0(x,x) if xg V(F). 



Define Q y (x,y,E,F) by the same way and denote by fl(x,y,E,F) the 
longest path among 0(x, y), Q x (x, y, E, F) and fiy (x, y, E, F) . Let fi (x, y) be 
the shortest path (x, y, E, F) for fixed x, y and all possible E, F. By definition 

o o 

3.9, vE^ifl (x,y, E, F) vFw is a simple path for appropriate fi, v G {x,y,x,y} 
denoted by f2 (i>, u>, x, y, E, E) . 

Definition 3.12. (v,L) G A. 

Let L be a path in G with E = v\...V2t-i {t > 1) and let v G y\V(E). We 
will write (v,L) G A if W21-1 EE (i = 1, ...,t). For w G 1^(E), we will write 
(w, L) G A if m G E for each u G V(L)\{w}. 

Remarks. If no ambiguity can arise, any notation of the type R Ui in definitions 
2.4 and 2.6-2.8, having index Ui (say $ Ui ), we abbreviate R Ui = Ri. 
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4 Preliminaries 

Throughout this section, let G be a graph, C be a longest cycle G and H = 
u\...UhU\ a longest cycle in G\C with a maximal HC— extension T. 

Lemma 1. Let G be a graph. 

(al) For E, F a pair of vertex-disjoint (H,C)— paths in G with E = xEv 
and F = yFw, if T tr (E, F) = (E', F') and T tr (x, y) = (V, y'), then 

| -1 > \n(v,w,x',y',E',F')\ - 1 > a(x')+a(y') + \Sl(x',y')\ - 1, 

where a(z) = 1 if z U* and a(z) — <p z + 1 if z G 1/* for each z G {x', y'} . 

(a2) Let u G and 9(5>), V„ eut , V /in ) = (P„, iV), where P t = 

Vi~PiZi (i = 0, ...,7r) and 

Kent - CO (J Kfin = K(T)\V(T(«)). 

If m G C/2, then there is an (u, z v )— path L of length at least ip u + 1 with 
V(L) C V(T(«)) U V*, where = ULo If w G t/», then for each vertex 

ZG(n^Kr)UO\K} 

there is an (u, z) -path L of length at least <p u + l with V (L) CV (T (u)) (J V* . 

Lemma 2. For each u G V(H), 

(bl) if u eU and u ^tt, then <& u f)B u = 0. 
(b2) 

l*«.UB„| = E„ e v W IA, (v)\. 

Lemma 3. Let G be a graph, C be a longest cycle in G, Q be a path in G\C 
and let P, = ViPiWi (i = 0, q) are vertex-disjoint paths in G\C having only 
vq, v q in common with Q. Then 

c>J2\Z t \+\(jZ t l 

i=0 i=0 

where Z i = JV(«; i )nV(C) (i = 0, 

Lemma 4. For each u G 

(dl) if \T{u)\ - 1 > 2, then ft > 2 7u . 

(d2) if |T(u)| -1 = 1, then ft > 2<p' u > 7 „ + 1. 

(d3) h > 7„ + 1. 

Lemma 5. Let C V(xE*y) for some u,x,y G V^(iJ). 
(el) if |T(u)| -1 > 2, then | x3y | -1 > 7 „. 
(e2) if \T (u) \ - 1 = 1, then | xi?y | -1 > 7 „ - 1. 
(e3) if |T(u)| — 1 = 1 and | xTty | -1 = 7u - 1, then 
(u,xliy) G A, B u = A„\{m} C U a and 7 „ - 1 = 2(p u - 1). 
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Lemma 6. For each u E Ui\JU2, let x{Tlyi and x 2 l}y 2 be vertex-disjoint 
segments in H with {x\, x 2 , yi, 2/2} C A u C V(xilfyi) \J V(x 2 lfy 2 ) and let 
U G {^2,2/2} • 

(fl) If B u U M C Vixjly^ and A„\ (B u U {«}) Q V(x 2 l}y 2 ), then 
I si^yi I -1+ I x 2 T?y 2 I -1 + \A U {u)\ + \A U {v)\ > 7 „ - 1. 
Otherwise, 

I I -1+ I .T 2 i?y 2 I -1 + \A U (u)\ + \A U {v)\ > 7 „ - 2 + |A„ (u)| > 7u - 1. 

(f2) If I Xl H yi I -1+ I x 2 i?y 2 I -1 + \A U (u)\ + \A U (v)\ = 7„ - 1, then 
(u, XjTlyi) e A (i = 1, 2), B„ = A M \{u} C £/ , 7u - 1 = 2(<p u - 1). 

Lemma 7. Let be a pair of distinct vertices in H . For each u E V"(if), 

(gl) if «6f/„ then |0(ar,y)|-l>7 u + l, 

(g2) if |T(«)|-1>2, then \0(x, y)\ - 1 > 7u , 

(g3) if |T(«)|-1 = 1, then |O u (z, y)| - 1 > 7u - 1, 

(g4) Let |T(u)|-l = 1 and \O u (x,y)\-l = 7 „-l. If cither A M C V(xlfy) 
and (u, iJ) ^ A or A u C V{ylix) and (u, iJ) ^ A (say A u C V(xlly) and 
(u, i?) A), then 

(g4.1) (u,xHy)eA, 

(g4.2) B u = A M \M C C/ and \O u (x,y)\ - 1 =| xHy - 1 |= 7u - 1 = 
2(^-1), 

(g4.3) if z G V(a;i??/)\A U , then cither z G £/* or z E U and 
A 2 CA„U {z} , 7z < p u = ( 7m + 1) /2, 

(g4.4) if z G V{xlfy)\ {x, y} , then A z C V{x~tty). 
Otherwise, 

(g4.5) (S,/f)eA, 

(g4.6) B u = A„\{u} C [/ and |O u (a:,y)| -l = /i-2 = 7u -l = 
2(^-1), 

(g4.7) if z G V (if) \A„, then cither z G £/* or z G C/ , A z C A M (J {z} 

and 7^ < = ( 7u + l)/2 = h/2, 

(g5) if |T(a;)|-l = l, then min{ C>(£, x) -1, 0(5, y) - 1} > 7x . 

(g6) if u G {x+,a;-,y + ,y-}, then |0(a:, y)\ - 1 > 7u , 
(g7) If u E {x+,x-,y+,y-} (say u = x+) and |0(a;, - 1 = 7u , then 
I T(«) I -1 < 1 and (u, G A for some d£A„ with A M C V(vlfy), 

(g8) If |T (x)| - 1 = 1 and |O x (a;,y)|-l = |O x (a;, 10) | - 1 = 7 X -1 for some 
w E V (H) \ {x, y } , then for each z G , x~ } , 

min{|O a; (a;,2/)| - 1, \O x (x,w)\ - 1} > 7* + 1. 

Lemma 8. Let x, y be a pair of distinct vertices in H and let 

a = mm{\O x (x iy )\ , | 0(5, y) |, | 0(5,o;) |} - 1, 
b = min{|O w (a;,y)| , | 0(V,x) |, | 0(V,y) \} - 1. 
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Then \ fl(x,y)\ - 1 > max{|0(x,y)| - l,a,b}. 

Lemma 9. Let x, y be a pair of distinct vertices in H. Then 

(11) if { Ui ,u i+1 }r\{x,y} = <D (ie then |0(x,y)| - 1 > ( 7i + 
7i+i)/2 = ft, 

(12) if \T(x)\ - 1 > 2 and z e {x+,x-}, then \fl(x,y)\ - 1 > { lx + 
7z)/2, 

(13) if x G ?7* and z e {x+,x~} , then |ft(x, y)\ - 1 > (7^ + j z + l)/2, 

(14) If |T(x)| - 1 = 1, then for each w G V (H) \ {x, y} and z G {x+, x"} , 

max{|Q(x,y)| -l,|f2(x,w)| - 1} > { lx + lz )/2, 

(15) if z e and w e V (H) \{z} , then max{|f2(x, y)| - 1, 
|n(z,«;)|-l}>(7 I +7,)/2, 

(16) If x G f7 and /1 ^ 4, then |Q(x,y)| - 1 > ( 7a; + 7z)/2 for some 
z G {x + , x - }, 

(17) ifx,yGJ7o, then |fl (x, y)| — I > maxi ft, 

(18) if I xlty I — 1 = 1, then |fi (x, y)| — 1 > maxj ft, 

(19) if I xHy |-1 = 2 and ft 7^ 4, then |Q(x, y)| - 1 > ( 7a: + 7 s +)/2. 

5 Proofs 

Proof of lemma 1. (al) Following definition 3.11, we distinguish three cases. 
Case 1. x,y <^U. t . 
Clearly, 

I vZfw I -1 >| VL{v,w,x,y,E,F) | -1 

> 2+ I Q(x,y,E,F) | -1 >| Q(x,y) | +1. 

Case 2. x, y G {/*. 

If |T(x)|-l = l,thenx^F(fi(x,y)) , since otherwise the segment of fl (x, y) 
between x and y , contradict the fact that x G {/*. Therefore, (x,y, E, F) = 
O (x, y) . On the other hand, fl x (x, y, E,F) = O (x, y) if |T (x)| — 1 > 2. Also, 
by the symmetric arguments, Ct y (x, y, E 1 , F) = O (x, y) . Thus £1 (x, y, £7, F) = 
f2 (x, y) and 

I vVw I -1 > \Q(v,w,x,y,E,F)\ - 1 

> - 1) + - 1) + |n (x, y)| - 1 > <p x + ip y + \Sl (x, y)| + 1. 
Case 3. Either x {/*, y G [/* or x G {/*, y ^ £/*. 

Apply the arguments in case 1 and case 2. A 

(a2) Suppose first that u G ?72- By definition 3.3, zi G V (T (u)) and z^ G 
V}j„. Let z n E V (T (w)) for some w G V (if) \{}u. Choose z 01 e V(uT^ (u) y~) 
such that z iu G E and | zoi 7 ? (u) y2 | is minimum. Then we get the desired 
result putting together the following paths 

P 2 ,...,P n , uzqi, uT (u)y 2 , z i 1 T(u)y3, z 7r _i 1 T(w)u, z J T T (u)y i+2 , 
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where i = 2, ...,ir — 2. A similar proof holds for u 6 U*. A 

Proof of lemma 2. (bl). Case 1. tie U\. 

Suppose, to the contrary, that $ u |"| B u ^ and let z G $> u p| F/ u . Then, by 
definitions 3.4 and 3.1, the collection 

{T , T (u h ) , u u, zu}\ {T (u) , T (z)} 

generates another if C— extension, contradicting the maximality of T. 
Case 2.«e U 2 \JU«. 

By definition 3.5, $„CF(r (u)) and the result follows. A 
(b2) Immediately from definitions 3.6-3.8. A 

Proof of lemma 3. Assume first that u, — Wi (i — 0,...,q). The result is 
immediate if Ui=o Zi = ^- Let Ui=o ^ ^ an d let £i, ...,£ m (to > 1) be the 
elements of Ui=o z i occuring on in a consequtive order. Set 

Fi =N{£ i )f){w ,...,w q } (i = l,...,m). 

Suppose that m = 1. If |Fi| = 1, then g = and Zq = Z q = {£1} implying that 

9 9 

c>2 = J2\ Z i\+\[J Z * \ ■ 

i=0 i=0 

If l-Fi I > 2, then choosing u,v E Fi (u =/= v) such that | u(^v | is maximum, 
we get 

9 9 9 

c >i &u3i«i i> \ z *\ + 1 = E i^i + 1 U z * i • 

Thus, we may assume to > 2. It means, in particular, that c > 3. For 
i = 1, to , put / = | £i | —1 (indices mod m). It is easy to see that 

c = E™i/te), E^rl^NELol^h ™=IU=o^l- (i) 

For every « G {1, ...,to}, choose £ Fi 1J Fi+i such that | xj^yi | is maxi- 

mum (indices mod to). 

Claim 3.1 /(£) > (|Ji| + |F i+ i| + 2)/2 (i = l,...,m). 

Proof of Claim 3.1. Wc distingwish two cases. 

Case 1. Either Xi G Fi, G F i+ i or .Ti G F i+ i, yi G Fi. 

If e Fj, y» e Fi + i, then / (&) > | £,i x i^ViCi+i I -1 and hence 

/(&) >max(|Fi|,|F i+1 |) + l> (|F,| + |F J+1 | + 2) /2. 

Otherwise, the result holds from / (^) >| Ci^i O^iCi+i | — 1 in the same way. 
Case 2. Either Xi, yi £ Fi or x,, t/,e F i+ i. 
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First, suppose ac<, yi 6 F;. We can assume also Xj, F i+ i, since otherwise 
we could argue as in case 1. Choose x i , y i G Fi+i such that | x i Qy i | is 
maximum. If | x i C^x i | —1 > (\Fi \ — \F i+ i\) /2, then 

>l ZiXi^y'^i+i | -1 > (|F| - |F +1 |)/2+|F +1 |+l = (\F\ + |F i+1 | +2)/2. 
Otherwise, 

/(&) >| ZiVi'Q I -1 =1 a^Z/i I +1 =1 I - I £i<^a;- I +2 > 

> |F | - (|F | - |F +1 | + 1) /2 + 2 > (|F | + |F +1 | + 2) /2. 

By symmetry, the case Xi, y^ G F i+1 requires the same arguments. A 
By claim 3.1, 

mm m 
i—1 i—1 i—1 

which by (Q} gives the desired result. Finally, if Vi ^ Wi for some i G {0, ...,q}, 
then we can argue exactly as in case Vi = uii (i = 0, q). A 

Proof of lemma 4. (dl). Casel. u G C/i. 

Let £i, ...,£/ be the elements of A u occuring on H in a consequtive order 
with u = £l. For each integer i (1 < i < /), let 

M //;",■:• ^ = |Ai (&)| + |A„ te+i)| (indices mod /) . 
Since H is extreme, 

|M i |>|A u (&6+i)l (* = 1, ...,/). (2) 
Let $,rl?£,s be the longest segment on iJ such that 

6 6V«r4), {&•,&+!,...,&} CB„UW- 

Put 

0+ = {Mi G {M 2 , M/_i} |p„ (6) 7^ P„ te+i)}, 
fi- = {M, G {Mi, M/} |p u (6) ^ P„ } , 

n° = {M 1 ,...,M / }\(n+un-). 

Observe that |f2~| < 2 and |Mi| - 1 > |A„ (£i,&+i)| - 1 for each i G {1, ...,/}. 
Then clearly 

if Mi €0+, then |Mi| - 1 > u>i + \A U (u)\ - 1, (3) 

if Mi G rr , then |M 4 | - 1 > ^ - \A U (u)\ + 1, (4) 
Mi efi |Mi|-l>a;i. (5) 

Claim 4.1. If |0~ ] = then \Mi\ - 1 > Ui (i = 1,...,/). 
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Proof of Claim 4.1. Immediate from ©, g]) and ©. A 
Claim 4.2. 

(kl) If |fi~| = 1, say Q~ = {Mx} , then M s G 
(k2) If SI" = {Aii} and fi+ = {M s }, then 

B« U {«} C t^jfe), AA ( B « U {«}) C Vfe+ii?£ r _0- 

Proof of Claim 4.2. (kl) Let 0" = {Mi} . By the definition, {6, -,6} Q 
B u and £ s +i G A„\ (B u \J {u}) , implying that M s e!l + . A 

(k2) If follows that {£ s +i, ...,£/} Q A u \(B u [j {u}) . On the other hand 
(by the definition), {£i, £ s } C B u (J {u} and the proof is complete. A 

Claim 4.3. (11) If 1 ] = 2, i.e.Q~ = {Mi,M/}, then M s ,M r _i e fi + . 
(12) If fi _ = {Mi,M/} and 0+ = {M a ,M r -i}, then £i,£ r ,£ s are pairwise 
different and 

B u U {«} C Vfcrftt.), K\ (Bu U M) Q V(Z. + itf€ r -i). 

Proof of claim 4.3. (11) By the definition, {£2, £/> £,s, £,r} Q B u and 
£ s +l,£r-i 6 A u \ (5 U [JW), which implies M s ,M r _ 1 e 0+. A 

(12) It follows that {M s+U M r _ 2 } f| 0+ = and hence 

...,&._!} c a u \(b„|Jm) . 

On the other hand (by the definition) {£ r , £ s } C B u [J {w} , which completes 
the proof of claim 4.3. A 

The following three statements can be proved easely basing on ©, ([5]) 
and claims 4.1, 4.2 and 4.3. 

Claim 4.4. £*=i (|Af,| - 1) > Ef=i "i- 

Claim 4.5. If fe{l, ...,/}, then (l^il - 1) > E^t <*>HA («)|+ 

1. 

Claim 4.6. If S ,t e {1, ...,/} (ff ^ t) , then £^ {s ,t} (|Mi| - 1) > 
2 IA, («)| + 2. 

Using (62) and claim 4.4, we get 

h = Eli - 1) > zU"i = EiU (IA (6)1 + 1 A* (6+01) 
= 2EtilA (6)l = 2|$uUB u |. 

By (61), |$„ (J B„| = ip u + b u = 7«, implying that ft > 2j u - 
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Case 2. u eU 2 - 

Let 9(T (u) ,V neut ,Vf in ) = (P ,...,P % ), where P., = y^Zi (i = 0,...,n). 
By (a2), there is an (u, z^) —path L of length at least ip u + 1 with V (£) C 
^( T ( u ))U^ / *- Letz 7 r G V(T(w)) for some io G By denoting B„ (J {u, 

= {£1, ...,£/}, we can argue exactly as in case 1. 

Case 3. u G [/*. 

Clearly /i > 2 (6„ + 1) = 2(^' u + 6 U + 1) > 2 7u . A 

(d2) Since \T - 1 = 1, we have u G U\ \J f/*.If u £ [/*, then fo„ = and 
h>2 = 2((p' u + b u + 1) = 2 ( 7 „ + 1) > 7„ + 1. Let u G C/i. Define 

^.wi.Mi^r^n+n-.n (6) 

as in proof of (rfl) . It is easy to see that J7 + = fl~ = 0. By claim 4.1, 

Ef=i (l-Mil -1) > Ei=i"i and as in proof of (dl), h > 2|$„1J S «I = 2p u . 
Noting that <y3„ > &„ + = b u + 1, we obtain ft, > y>„ + 6 U + 1 = 7 U + 1. A 

(d3) It is easely checked that h > 7„ + 1 if u G E/q. If it G E/q, then by (dl) 
and (d2), h > min (27„, y u + 1) > 7u + 1. A 

Proof of lemma 5. Assume w.l.o.g. that x,y G A u . 

(el) Case 1 it G {7i. 

Following © we let, in addition, = Af t for some t (1 < i < /). By 

claim 4.5 we can distingush the following two cases: 
Case 1.1. | xSy | -1 > X^t^i- 
By (W),|$ U U B «I = |$«| + |5u| =7«) an d using (62), 



I 2^2/ I -i > E^t w i = Ef=i ^ - w * 
= 2Ef=iK fe)l-K(6)|-|A (6+i)l 
= J2i=i \A U (&)| + Ei0{t,t+i} 
>Ef =1 Kte)l = l*«U^«l = 7«- 

Case 1.2. Ei#t w « ~ |A< N| + 1 < xfiy - 1 <J2i^t LJ i- 

If fi _ = 0, then by claim 4.1., | xlfy | —1 > Ei^t^j a contradition. Let 

Case 1.2.1. = 1. 

Assume w.l.o.g fi~ = {M x } . By claim 4.2, M s G If > 2, then by 
([3]), Q and (T5]), I xl?$/ I —1 > Ei^t w «' a contradiction. Thus we can assume 
fl + = {M s } . If M t 7^ M S) then again | xlly | — 1 > Ei^t w ij a contradiction. 
Finally if M t — M s , then A u (£ 4 ), A u (£t+i) and A u (it) are pairwise different 
and hence 
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I xHy | -1 > 2£f =1 |A (6)| - \A U (6)| - |A (6+i)l " I A (u)| + 1 = 

Eli I A (6)1 + E^ {1)t , t+ i } I A. (6)1 + 1 > Ef=i I A (6)1 + (/ - 3) + 1 
>Ef =1 IA te)l = l*«U^«l = 7«- 

Case 1.2.2. = 2. 

By claim 4.3, M s ,M r _i G If |fi+| > 3, then by ©, Q and (J5J, 

I xl?y I -1 > Ei^t^ii a contradiction. Let 0+ = {M s ,M r _i}. If M t g 0+, 
then again | xl?y | —1 > Ei^t^*, a contradiction. Finally, if M t G say 
M t = M s , then A (6), A (6+i) > A ( w ) are pairwise different and we can 
argue exactly as in case 1.2.1. 

Case 2. ueU 2 \J u *- 

Apply the arguments used in the proof of (dl) (case 2 and case 3) . 

(e2) Clearly u G U\. Following © we see that fi + = Q =0. By claim 
4.1, \Mi\ - 1 > Ui (i = 1, /). Recalling that / > b u + 1, 

xty | -l = E l#t (|m,| - 1) > E^* - Eli IA (6)1 + E^ {M+ i} (6)1 

> |* u \JB U \ + f - 2 = (f u + f - 2 = ip u + b u - 1 = 7„ - 1. 

(e3) It was shown in (e2) that | xTfy | — 1 > ip u + / — 2 > 7 U — 1. Since 
| xi?y | — 1 = 7„ — 1, we have | | —! = </?„ + / — 2 = 7 U — 1. This implies 

\B U \ = b u = / — 1 and therefore £?„ = A u \{u} C [To- But then (p u = b u + 1 and 
| a;i?y | — 1 — 7„ — 1 = 2<y9. u — 2 implying that (w, xlfy) G A. A 

Proof of lemma 6. (fl) Case 1. u G f/i. 

By symmetry, we can assume v = x 2 . Following ([6]) we let, in addition, 
M g = y\Hx 2 and M t = y 2 ~llx\ for some integers g,t G {1, /}. This means 
that 

yi = 6' x 2 = 6+i' 2^2 = 6, x i = v = x 2 = 6+i, A (6+i) = A («) ■ 

Putting /3 =| x\ltyi | —1+ | x 2 lty 2 | —1 and using claim 4.6, we can distingush 
the following four cases. 

Case 1.1. /? > E t ^{ 9 ,t}^+ I A(m) | -1. 

Clearly 

P > 2Eli \a u (6)1 - IA (6)1 " IA (6+01 ~ IA (6)1 - |A (6+i)l f7l 

+ IAWI-1. lJ 

Observe that | A W)\ > 1 and / > b u + 1. If x\ ^ yi) then A (6)' A (6) an d 
A (6+i) are pairwise different and by ([7]), 

/? + |A («)| = /? + IA (6+01 > Eli An (6)1 + E^ {s . M+ i } An (6)1 
>Ef =1 IA (6)l + /-3> |*„U-B«I +/-3 

> |$„| + / - 3 > <fiu + b u - 2 > 7„ - 1 - \A U (u)\ . 
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Otherwise {x\ = yi) , A (6+1) = A (u) , and by (J7J), 

(3 + \A U {v)\=0+ |A (£ fl+1 )| > 2Ef =1 I A (6)| - |A (£ fl )l - I A (6)1 - 1 

> Eli I A (6)1 + E mg , t} I A (6)1 - 1 > |*« U Bui + / - 3 

> ip u + b u - 2 > 7„ - 1 - |A„ (u)| . 

Case 1.2. E^ {s , t} < < + I A, («)| - 1. 

Clearly 

+ \A u (v)\ = + \A u (t g+1 )\ 

f 

> 2^\A U (6)| - \A U (6)1 - \A U (6)| - \A U (6+i)| • 

i=l 

If xi ^ yi, then we obtain the desired result as in case 1.1. Let xi — y\, 
i.e. M g = Mi, M t = M f and 6+1 = tg = 6 = u. If 0+ 7^ 0, then (3 > 
Ej^{i t} w * + I A — L a contradiction. Let Sl + = 0. This implies M s = Mi 
and M r _i = M/, and we deduce that 

Bu |J {u} = {u} = V(xj} yi \ A u \{u} C V(x 2 i?</ 2 ). 
Recalling that / > b u + 1, we get 

/3 + |A U (u)| + |A («)| = 13+ \A U (u)\ + \A U (6+1) I 

>2E-=ilA(6)|-|A (6)1 -|A (6+i)l 

> \$u \JB U \ + f - 2 > <p v + b u - 1 > 7 „ - 1. 
Case 1.3. E l ^ {g ,t } «i~ I A(u) | +1 < /3 < E l ^ {g ,t } ">i. 
Case 1.3.1. 6G'{xi,2/i}. 

It follows that A u (u) , A„ (6) , A u (6) and A u (6+1) are pairwise different. 
Since f > b u + 1, we have 

/3+k («)i = /3+ia. 

> 2Eti I A (6)1 - |A («)| - \A U (6)1 - \A U (6)1 - I A (6+i)l + 1 

> Ef=i IA (6)1 + / - 3 > + &„ - 2 > 7„ - 1 - \A U (u)\ . 
Case 1.3.2. £1 G {xi,, yi} . 

Assume w.l.o.g. that 6 = %l, i-e. M t = M f . If Mi £ f2~, then /3 > 
Ei£{g t} a contradiction. Let Mi G f2~. This implies 6 G B u and M s G + . 
If M s ^ M 5 , then /3 > Ei^gt}^ a contradiction. So, assume M s = M g . 
Analogously, M r _i = Mf. If Mj G 51 + for some j G {1, /} \ {</}, then again 
(3 > Ei^{ s t} w «> a contradiction. Let 

iG{i,..,/}\{ 5 } =► M iG n°|Jfi-. 

It follows that B u [j{u} C F(xil?t/i) and A U \(B U (J {u}) C V{x 2 Jty 2 ). 
Furthermore, noting that A u (6) , A (6) > A (6+1) are pairwise different and 
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f >b u + 1, we get 

13 + \A U {u)\ + \A U {v)\=0+ \A U (u)| + \A U (£ fl+1 )| 

> 2Ef=i I A. (6)1 - I A, (6)1 - I A (6)1 - I A (6+i)l + 1 

> Ef=i IA (6)1 + / - 2 > Vu + b u - 1 > 7« - 1- 

Case 1.4. £i* {fl ,t } - 2 |A„ («)| + 2 < /3 < E i0{s ,* } w< - |A («)| + 1. 

If < 1, then clearly (3 > Ei^{ 9 t}^* ~ I A {u)\ + 1, a contradiction. 

Let = 2. This implies Mi, M/ G ft" and M s ,M r _i e If > 3, 
then again [3 > J2ig{ g t}^* ~ IA ( u )| + 1, a contradiction. Let f2+ = 2, i.e. 
0+ = {M s ,M r _i}. By claim 4.3, 

B u [J M C Vixjly^, A U \(B U |J {«}) C V{x 2 ty 2 ). 

Recalling that / > b u + 1, we get 

/3 + K («)| + |A„ (v)\ = f3 + \A u (u)\ + \A U (£ fl+1 )| 

> 2Ef=i I A (6)1 - I A (u)| - K - | A, (6)1 - I A (6+i)l + 2 

> Ef=i I A (6)1 + E i0{ i ;S>t , t+ i } I A (6)1 + 2 

> |^U-Bu| + (/-4) + 2> 7u -l. 
Case 2. w e U 2 . 

Apply the arguments used in the proof of (dl) (see case 2 and case 3). 

(f2) Case 1. u e Ui. 

As shown in the proof of (,/T), 

(3+\A u (u)\ + \A u (v)\ > |$„(Js„|+/-2> |$„| + /-2 ><£„ + &„ -1. 

Since (3 + \ A U {u) \ + \ A U (v) \ = ip u + b u — 1 = 7„ — 1, we have equations 

(3+\A u (u)\ + \A u (v)\ = |$„|JS u |+/-2= \$ n \+f-2 = <p u + b u -l 

implying that f = b u + 1. If |T - 1 > 2, then A„\(B„ 1J {u}) ^ and hence 
/ > + |{u}| + 1 = b u + 2, a contradiction. Otherwise (|T -1 = 1), 

A U = B„UM> |A,(u)| = |A.(w)| = l, 
<p« = 6« + 1, /3 = ip u + b u — 3 = 2(p u - 4 

and we deduce that (u, xj^y^) e A (i = 1, 2) and 7„ — 1 = 2 — 1). 
Case 2. u E U 2 . 

Apply the arguments used in the proof of (dl). A 

Proof of lemma 7. (gl) Clearly h > 2 (b u + 1) = 2(<p' u + b u + 1) = 
2 (7„ + 1) and therefore, \0{x, y)\ - 1 > h/2 > 7„ + 1. A 
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(g2) By (dl), h > 2 lu which implies \0(x, y)\ - 1 > h/2 > j u . A 

(g3),(g5) If |A U | = 1, then 7„ = 1 and there is nothing to prove. Let 
|A„| > 2, i.e. u G Ui. 
Case 1. u £ {x, y} . 

Assume w.l.o.g. that u G V(x + I?y~). We can assume also that A u % 
since otherwise the result holds by (e2). Let xiltyi be the longest 
segment in xliy~ with X\,y\ G A u and x 2 ~tly 2 be the longest segmnet in ylfx~ 
with £2,2/2 £ A„. Putting (3 =\ x{liyi | — 1+ | x 2 I?y 2 | —1 we see (by lemma 
6) that 

P > In ~ 1 - \A U (u)\ - \A U (y 2 )\ = lu -2-\A u (y 2 )\ 
and therefore 

\O u (x,y)\ - 1 >| xliy 1 A u (yi,y 2 )y 2 fly I -1 

> + \A U ( yi )\ + \A U (y 2 )\ > lu - 2 + \A U ( yi )\ > 7„ - 1. 

Case 2. m G {x, y} . 

Assume w.l.o.g. that u — x. Let x\liy\ be the longest segment in x + T?y 
with G A^ and x 2 Tly 2 be the longest segmnet in y + Tfx with j/2 G A x . 

Putting =| x\Jiy \ + \ x 2 llx | —2 we see (by lemma 6) that 

> 7* - 1 - \A X (x)\ - \A X (a?i)| = 7x - 2 - 1^ (a;i)| , 

and therefore 

\O x {x,y)\ - 1 >| x < Hx 2 A x {x2,xi)x\Tty | -1 

> /? + |A X (x!)| + |A X (x 2 )| > 7 . + 14, (^)| - 2 > 7x - 1. 

Also, by (el) and (e2), | xiltx \ — 1 > 7 X — 1, | x 2 Tfy \ — 1 > 7^ — 1 and 
hence 

I 0(x,x) I -1 >|x p x (si)T(xi) x\lix I —1 >| xilfx > 7 X , 
0(x,y) I -1 >\x p x {x 2 )T{x 2 )x 2 l}y | -1 >| x 2 ^y |> 7*- A 

(g4) We can suppose u ^ {x, y}, since otherwise the arguments are the 
same. Assume w.l.o.g. that u G V(x + lfy~). Clearly \O u (x,y)\ = \0(x,y)\. In 
order to prove (g4.1) — (<?4.4), we recall (by the hypothesis) that A u C V(xlty) 

and (u, H) A. 

(g4.1), (g4.2) By (e2), 7 « - 1 = \0(x,y)\ - 1 >| | -1 > 7ti - 1 which 
implies 0(x,y) — 1 —\ xTty | — 1 = 7„ — 1. Using (e3), it is easy to see that 
(u,xJ}y) G A, 7„ - 1 = 2(if u - 1) and B u = A u \{u} C f/ - 

(g4.3) Case 1. z G U\. 
Case 1.1. A z g V{xity). 
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Choose w G A z f| V{y + ~6x~). li z = x+ , then 

|0(ar, y)\ - 1 >| y5?zA z (z, tu) w]?a: | -1 >| xi?y |, 
a contradiction. Otherwise we reach a contradiction by the following way 

\0(x,y)\ - 1 >| y < Hz+ ux ++ jfzA z {z,w)wlfx | -1 >| xlfy \ . 
Case 1.2. A z C V{xlty). 

Choose u> G A z \{z}. Assume w.l.o.g. that w G V{xllz~). Since z G f/i, we 
have A z (z, w)\ — 1 > 2 and hence 

- 1 >| 2/SzA z (z, w) u w'Sx | -1 >| xl?y | 

for some w G {w~ ,w~~}, a contradiction. 
Case 2. ze[/ |J%. 

If z G ^2, then apply the arguments used in the proof of (dl) (see case 2 and 
3). Let z G L/o- If there exists a vertex w G (A z \{z}) \A U , then we can reach a 
contradiction as in case 1. Otherwise, A z C A u (J {z} and "f z < <p u = (ju + l)/2. 

(g4.4) Suppose, to the contrary, that A z <2 V(xlfy). If | ylfx —1 = 2, 
then clearly (u,H) G A, a contradiction. Let | ylfx — 1 > 3. Choose w G 
A z f)V(y + Tfx~). Assume w.l.o.g. that | wltx -1 > 2. If z g A„, then by 
(#4. 3), we are done. Otherwise, 

\0(x,y)\ - 1 >| ySz ++ S x ++ ^zA z (z 1 w)wllx | -1 >| xify |, 

a contradiction. So, (#4.1) — (#4.4) are proved. A similar proof holds for (#4.5) 
- (#4.7) when A u <g V(xlfy) and A u % V(yltx). So, the proof of (g4) is com- 
pleted. A 

(g6), (g7) Let u — x + . Choose v G A u so as to maximize | vTty |. Clearly, 
v G V{ySu). 

Case 1. v = u. 

Case 1.1 |T(u)|-l>l. 

By (el) and (e2), |<3(x,y)| - 1 >| utty |> 7 „. If | 0(x,y) | -1 = 7u , then 
by (el), |T (u)| - 1 < 1 and | ui?y |= 7„ - 1 which by (e3) holds (u, uTty) G A. 
Case 1.2 |T (it)| - 1 = 0. 

Clearly, \0{x,y)\ - 1 >| xHy | -1 > 7u . If | 0(x,y) | -1 = lu , then 
| a;I?y | — 1 = 7„ implying that uw G £7 for each w G V(xi?y)\{u}, i.e. 
{u.xTty) G A. 

Case 2. v ^ u. 

Case 2.1 |T (u)| - 1 > 1. 

By (el) and (e2), | vlly \ — 1 _ 7m — 1 and hence 
|0(x,y)|-l >| y1?uA M {u,v)vllx | -1 >| wi?y | -l+|T(u)|-l > 7„+|T(u)|-2. 
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If \0{x,y)\ - 1 = 7 „, then |T(u)| - 1 = 1, | vHy | -1 = lu - 1 and by (e3), 
(u^vTty) G A. 

Case 2.2 |T(u)|-l = 0. 

Clearly, |0(x,y)| - 1 >| yHuk u {u,v)vltx | -1 >] vlty | -1 > 7 „. If 
|0(x,y)| — 1 = 7„, then | w5y I — 1 = 7« implying that uw G i? for each 
w eV{vlty)\{u},i.c. (u,vlfy) G A. A 

(g8) By (g4), (x,H) G A. Since C A x , we have ft > 6. If 

I O x (x,y) | -1 <7*, then by ( 5 4.6) and ( 5 4.7),/i - 2= |O x (a;, y)| - 1 < 7z < ft/2 
implying that ft < 4, a contradiction. So, |Oa;(x, y)| — 1 > j z + 1. By symmetry, 
\O x (x, w) \ — 1 > -f z + 1 and the result follows. A 

Proof of lemma 8. Immediate from definition 3.11. A 

Proof of lemma 9. By (d3),ft > 7 , + 1 and ft > 7i+ i + 1 for each i G 
{1, ft}. In other words, 

fe-l>(7i+7i+i)/2 (* = 1... .,/*). (8) 

(il) By lemma 8, it sufficies to prove \0(x,y)\ — 1 > /3j. Assume w.l.o.g. 
that z = 1 and ui,U2 £ V(x + lfy~). 
Case 1. u\U2 G ?7o- 

Putting r^^flV (H) (i = 1, 2) we see that \T t \ = ipi-b* = 7i (i = 1, 2). 
Case 1.1. I^UTa C V{xHy). 

Clearly |0(z,y)| - 1 >| xlty | -1 > max (|r x | , |r 2 |) > ( 7l + 72 )/2. 
Case 1.2. r : U T 2 % V{0y). 

Assume w.l.o.g. that I"i f](V(y + I?x~)) ^ 0. Let zitiz?, be the longest 
segment in y + lfx~ with z\,Z2 G IV 
Case 1.2.1. r 2 f] V(y + ^x~) = 0. 

Choose w G V(x + tiui) such that U2U> G E and | xlfw | is minimum. Then 

|0(a;,y)| - 1 >| xTty | -1 >| wily \ + | xTtw | -2 > 72+ | zSw | -2, 
\0(x,y)\ - 1 >| x < Hz 1 u 1 < Hwu 2 lly | -1 > 71- | | +2. 

Combining these two inequalities yields \0(x, y)\ — 1 > (71 + 7 2)/2. 
Case 1.2.2. r 2 f| V{y + ^x~) ^ 0. 

Let w\ltw2 be the longest segment in y + ltx~ with wi,W2 £ IV 
Case 1.2.2.1. zi,w 2 G V(wi7fz 2 ). 

It follows that \0(x,y)\ — 1 >| xlfuiz 2 < Hwiu 2 lfy | —1 > max (71, 72) > 
(7i+72)/2. 

Case 1.2.2.2. zj,^ e ^(z^wa). 
Clearly 

0(x,y)| - 1 >| xTtu 1 z 1 Tlw2U 2 liy | -1 > max (71, 72) > (71 +72) /2. 
Case 1.2.2.3. Either w 1 ,w 2 G V(ziltz 2 ) or 21,22 G ^(wi^^)- 
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Assume w.l.o.g. that wi,W2 G V(ziJfz2)- If w\ = z\ (resp. W2 = Z2), 
then we can argue as in case 1.2.2.1. (resp. 1.2.2.2.). Otherwise (w\ ^ z\ and 

w 2 ^ z 2 ), 

\0(x,y)\ — 1 >| xTluiZi~Elw2U2Tly | -1 > 72+ | z\Sw\ | -1, 
|0(x, y)| — 1 >| x7fuiZ2 < Hwiu 2 I?y | —1 > 71— | z\Sw\ | +1. 

Combining these two inequalities yields |0(a;, — 1 > (71 + 72) /2. 
Case 2. wi,M2 G i7o- 

By (g2) and (03), |0(x,y)| - 1 > 7, - 1 (i = 1, 2). If either ui G f7* or 
U2 G J7*, then by (gl) we are done. Let u\, U2 G f 1 1J ?72- 

Case 2.1. Either \0(x,y)\ - 1 = 71 - 1 or \0{x,y)\ - 1 = 72 - 1. 

Assume w.l.o.g. that \0(x,y)\ — l = 71 — 1. Using (g2) we see that \T (u)\ — 1 = 
1 and by (04.1) and (<74.3) , U2 G J7o U 17*, a contradiction. 

Case 2.2. |0(x, - 1 > 71 and |0(x,y)| - 1 > 72- 

Clearly \0(x,y)\ - 1 > max(7 1 ,7 2 ) > (71+72) /2. 

Case 3. Ui G C/ , u 2 ^Uq. 

By (j/2) and (03), 

|0(x,y)|-l> 7 2-l. (9) 
Case 3.1. C V{xlly). 

Clearly |0(a;,t/)| - 1 >| xlty — 1 > 71. The result is immediate if either 
\0(x, y)\ — 1 > 71 or |0(x, y)| — 1 > 72 — 1. Thus we can assume \0(x, y)\ — 1 =| 
I —1 = 71 = 72 — 1. Since | x~Hy | —1 = 71, we have Ai = V (xTf y)\{ui} . 
On the other hand, by (04.3), Ai C A 2 [j {ui} , a contradiction. 

Case 3.2. % V(xlty). 

Let Z\ Tiz2 be the maximal segment in y + llx with z\, Z2 G N (u\). 
Case 3.2.1. A 2 C V(xl}y). 

For each t> G A2 f] V(xJfii2), put P„ = x*H z\U\lty if v = U2 and 

P„ = xTl ziuiHvA-2 (v, u 2 ) U2~tiy 

if v =/= U2- Choose w\ G A2PI V(xTtv,2) so as to maximize | W\llu2 |. By (</2) 
and (03), | witty | — 1 > 72 — 1. If w\ ^ x, then clearly | z\hly | — 1 > 71 and 
hence 

\0{x,y)\ - 1 > \P W1 \ - 1 >| zjty I - I xt Wl | +2 > 7l - | xiTwi | +3, 
|0(x,y)| - 1 >| xlty I -1 >| wjiy | + | xSwi | -2 > 72+ | xltwx | -2. 

Combining these two inequalities yields the results. Now let w± — x. Choose 
w 2 G A 2 P| V(x + lfu2) so as to maximize | w; 2 7?U2 • Since H is extreme, 

h >| u 2 A 2 (u 2 ,x) xliuiZ2 < Hu2 I -1 

which implies that 

p 2 (x)=u 2 |z 2 7?x| -1 > |A 2 (a;)| + |A 2 (u 2 )|, (10) 
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p 2 (x) =u 2 



Tix\-1> \A 2 (x)\ + 1 > 2. 



(11) 



Observe also, that 



|0(z,2/)| 



1 >| xHy | -1 > 7i- | zxi?z 2 | . 



(12) 



Claim 9.1. \0(x,y)\ - 1 > 72+ | zjl z 2 \ . 
Proof of claim 9.1. Clearly, 

\0{x,y)\ - 1 > \P W2 \ - 1 >| w 2 Hy I + I zjlx \ + \ zjl z 2 | -1. (13) 

By (/l), I wjty I -1 > 72 - 2 - |A 2 (x)| if p 2 (z) =^2 and | w 2 lly | -1 > 
72 — I — IA2 (u2)| — \A 2 (x)\ if p 2 (x) — u 2 . Using also (fT0|) and (TTTj) . we obtain 
I w 2 Tly I + I z 2 TPx I -2 > 72 - 1, which by ^ implies \0(x,y)\ - 1 > 72+ 

2:1^2 |. A 

Claim 9.1 with together (fT2|) implies the result. 
Case 3.2.2. A 2 g V(xl}y). 

Let 2/1 J? j/2 be the maximal segment in y + ~Tlz~ with yi, 2/2 £ A2. 
Case 3.2.2.1. Either z 1; y 2 G V(yjtz 2 ) or z 2 ,2/i 6 V{ziT[y 2 ). 
Assume w.l.o.g that £1,2/2 £ V(y\ltz 2 ). Then 

|0(x,j/)| - 1 >| yHu 2 K 2 (u 2: y 1 )y 1 liz 2 u 1 < Hx | -1 > 71 + 1, 

and the result follows by Q. 

Case 3.2.2.2. z x , z 2 e V( yi Tty 2 ). 
Apply the arguments in case 3.2.2.1. 
Case 3.2.2.3. y x ,y 2 € F(zii?2 2 ). 
Putting [3 =| xi??/ I + I 2/1^2/2 I -2 and 



\0(x,y)\ - 1 > |P 2 | - 1 >| xi?2/ I + I 2/1S22 |> 71- I zxHyx | +2. (14) 
Claim 9.2. \0(x,y)\ - 1 > 72+ | zii?2/i I -1- 

Proof of claim 9.2. If p 2 (y 2 ) = u 2 , then by (/l), (3 > 72-I - |A 2 (n 2 )|- 
1^2 (2/2)1 and 

- 1 > |Pi| - 1 > + \A 2 (« 2 )| + I A 2 (2/2) I + I zii?2/i | -1 
> 72+ I z 1 Hy l I -2. 

Otherwise (p 2 (?/2) ="2), /3 > 72 - 2 - \A 2 (y 2 )\ = 72 - 3 and 

|0(x,2/)| - 1 > |Pi| -1 > (3+ I zjlyt I +1 > 72+ I zjlyx | -2. A 



Pi 

P2 



yHu 2 k 2 (u 2 , 2/2) y2Hziu\Hx 1 
yHu 2 K 2 (u 2 , 2/1) yiptz^ifix, 



we obtain 
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Claim 9.2 together with (TT4")) implies the result. A 

(12) By (dl), h > 2j x imlying that \0{x,y)\ - 1 > h/2 > 7x . Also, 
\0(x,y)\ - 1 > 7z by (g6). Using lemma 8, \D°{x,y)\ - 1 > \0(x,y)\ - 1 > 
(7«+7*)/2- A 

(13) By ( 5 1), |0(z,y)| - 1 > lx + 1 and by (,g6), |0(z,y)| - 1 > 7z . Using 
lemma 8, we obtain the result immediately. A 

(14) Claim 9.3. max (\O x (x, y)\ - 1, \0 x (x, w)\ - 1) > ( 7x + 7,) /2. 
Proof of claim 9.3. By ( 5 6), min(|0(x, y)| - l,\0(x,w)\ - 1) > 7*. If 

either |O x (o;,?/)| — 1 > 7 X or |O x (a;,?«)| — 1 > 7 X , then clearly we are done. 
Otherwise, by (g3), \O x (x, y)\ — l= \0 x (x, w)\ — 1 = 7 X — 1 and the result holds 
by (g8) and lemma 8. A 

Claim 9.4. min(| 0(x,y) \ -l,\0(x,w) | -1) > (j x + lz + 1) /2. 
Proof of claim 9.4. By (<?5) and (36), | 0(x,y) | — 1 > 7 X and 0(x,y) 
1 > 7s> respectively. Since U(0(x,?/)) f]{x} = (by definition 2.10), 0(x,y) 

1 > |0(z, > 7 2 + 1, implying that | 0{x,y) | -1 > (y x + lz + l)/2. Analo- 
gously, I 0(x, «;) I -1 > ( 7x + 7z + l)/2. A 

Claim 9.5. | 0(x,x) | -1 > {j x + j z + l)/2. 

Proof of claim 9.5. Let u e A x \{x}. By (#5) and (56), | 0(x,x) | -1 > 
7 X and | 0(cc,w) | — 1 > 7z , respectively. Hence 

I 0{x, x) I -1 > |0(a, «)| + I vT (v) vx\ -2 > 7z + 1 

which implies | 0(x, x) | -1 > (7^ + 7z + 1) /2. A 

The result holds from claims 9.3-9.5 and lemma 8. A 



(i5) By (56), \0(x,y)\ — 1 > 7 2 and \0(z,w)\ — 1 > j x and the result follows 
from lemma 8. A 



(16) By ( 5 6), |0(ar,y)| - 1 > max (7, + ,7,-) . If \T (x)\ - 1 > 2, then by 
(<?2), |0(x,?/)| — 1 > 7a; and the result holds immediately. Thus we can assume 
\T(x)\ - 1 = 1. Put z = x + and w = x~. By ( 5 3) and (36), \O x (x,y)\ - 1 > 
raa,x(j x - l,^ z ,j w ) . If \O x (x,y)\ - 1 > min (7^,72 + 1,7,0 + 1), then clearly 
we are done. Now let \O x (x,y)\ — 1 = 7^ — 1 = 7 2 — j w . Since u ^ [/* (by 
( 5 1)), we have by (#43) and (ff4.7),7, < (7* + 1) /2 = (7, + 2) /2 implying that 
7 2 < 2 and |O x (ir, y)| — 1 < 2. It means that h < 4. Recalling also (<?4.1) and 
(^4.5), we conclude that h = 4, a contradiction. A 

(17) If either |O x (a;,y)| - 1 = 7 X - 1 or |O y (a;,j/)| - 1 = j y - 1, say 
|O s (aj,y)| - 1 = 7x - 1, then by ( 5 l)-(.g3), |T(i)| -1 = 1. By («?4), either 
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(x, xTty) G A or (x, yttx) e A or (x, H) e A. This implies by (#4.2) and (54.6) 
that y G f/o, a contradiction. Thus \O x (x,y)\ — 1 > 7^ and Oj,(a;,y)| — 1 > j y . 
Using (96) with lemma 8, we obtain |f2(x,y)| — 1 > (jx+Jz)/2 for each 
z G {x + ,x~} and |f2(a;,y)| — 1 > (7^ + Jw) /2 for each w G {2/ + ,y~}- Then 
the result follows from (zl). A 

(18) Observing that \0(x,y)\ -1 >| ylt x I —1 = h — 1, we obtain the result 
from (JSJ) immediately. A 

(19) Put 2 = x + . We can assume /i > 4, since otherwise the result holds 
from (18). By (d3),\0(x,y)\ - 1 >h-2> lx -l. If \0{x,y)\ - 1 > lz + 1, 
then clearly we are done. Let |0(x,j/)| — 1 = 7^. By (g7), \T (z)\ — 1 < 1. If 

A z C\V(y+lix-) ^ 0, then by (g7), z a;" G E. Hence |0(a;,y)| - 1 > h - 1 
and by we are done. Now let A 2 C V(xlfy). It means that 7 Z = 2 and 
\0(x,y)\ — 1 = 2. But then h = 4, a contradiction. A 

Proof of the theorem. Let G be a graph, C be a longest cycle in G and H = 
u\...UhUi a longest cycle in G\C with a maximal HC~ extension T. Putting 
C/* = {vl, and using definition 3.3, we let for each i G {1, ■■■,?'}, 

G(^(v*),V neut ,V}l) = (P«\...,P§ ) ), 

^ =< 5 T «)4 ) )uu;i:«in^ ) ))\{4 ) } >, 

where K etlf - V\(V (C){JV (T)) and = ^(T)\F(T«)). Since c > 
(5+1 > K + 1, for each i G {1, ...,r} there are ft — 1 internally disjoint paths 
E^\ £^ K ~ 1 ^ in (k — 1) —connected graph G\{z^}, starting at pass- 
ing through V neu t and terminating on C at k — 1 different vertices. Let Ej 

has a vertex w in common with Ee for some a,b G {1, — 1} and j, e G 
{l,...,r} (j 7^ e). If w ^ V"(C), then there is a path starting in Rj, passing 
through V neu t and terminating in R ei contradicting the fact that v* 1 v* G t/*. So, 

v € V (C) . Choose vertex-disjoint paths E[ h \ e[ u) (ij G {1, K - 1}) for 

each j G {1, so as to maximize t and put E'j* 3 ' 1 = XjE*^ J 'w* (j = 1, f) , 
where 2^ G V (Rj) and u>* G V (C). It is easy to see that t > min (r, k — 1). 

By (a2), for each j G {1, there is an (xj,v*) —path Fj passing through 
V (Rj) 1J V(T(v*)) and having length at least <p v * . Denoting 

ES=vlFF ) x j Ep ) w* j (j = l,...,t), 

we see that _E t * are vertex disjoint (H, C) —paths with \E*\ — 1 > ip v * + 

1 (t = l,...,i). 

Case 1. k > 4, h > 5. 

Case 1.1. r > k. 

It follows that t > k — 1 . Let £1 , . . . , £ 4 be the elements of {w* , } occuring 
on C in a consequtive order. 
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Case 1.1.1. t > k. 

Assume w.l.o.g. that ip v * > ... > ip v *. Since r > n, we have 

1 K 1 r 

- y] <pv? > - <pv? 

k z — ' ! r *■ — ' 

implying that 

k r r 

2—1 i— 1 i= 1 

By (il) and (i3), |fi | - 1 > A for each a, 6 e {1, ...,t} and i G 

{1, /i}. Hence 

ft 

l^(«>6)|-l>rEft = "( r )' 
i=i 

Then for each i, j G {1, t}, 
| w*~dw* I -1 > |£*|-1+|£*|-1+|Q(<,?;*)|-1 > <p VJ +<p v *+2+n{T). (16) 
Using (fl"5|) , (fT()j) and recalling that t > k, we obtain 

c = £1=1(1 6^6+1 I -l)>2Y,Ui<Pv;+2t + tn(X) 

> £*=i Pt>J +2t + t^ (T) > jj £[ =1 ^ + K/i (T) + 2k 

> l(El=i k; + Eti v' t + ih) = g (Etx ¥>, + 2/1), 

where £t+i = £i. It follows that E i=1 V?i _• ^ ( C / K — 2) . Since ipi +ipi = d (m) > 
8 (i = 1, h), we have 

h h 

y^tpi >h5-y~]<p { > hS - ch/n + 2h. 
i=i i=i 

In particular, max.; tpi > 6 — c/n + 2. Using lemma 3, we obtain 

h 

c > y^ ipi + maxtpi > hS — ch/n + 2h + S — c/k + 2, 

i=l 

and the result follows immediately. 
Case 1.1.2. t = k - 1. 

Observe that terminates in {ii>*, w*_A for each i G {1,...,k — 1}, 
since otherwise E±, E^_ 1 , E^ contradict the maximality of t for some j G 
{1, ...,«; — 1}. By the same arguments, E^ terminates in {w*, w*^} for 
each i £ — 1} and j G {1, ...,«}. Then there is a path = vE£ t +i 

starting in 

< (v (t) u p Ri U U U v ^ E f))\ W> ■■■> > 

i— 1 j — 1 z— 1 
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and terminating in C\{wl, «)*_[}. Assume w.l.o.g. that £1, £ t+ i occurs 
on in a consequtive order. Then it is easy to see that 

t+1 K 

i=l i=l 

where £4+2 = £1. Further, we can argue exactly as in case 1.1.1. 
Case 1.2. r < k- 1. 

It follows that t = r. There are k vertex-disjoint (H,C)— paths i?j = 
ViEiWi (i = 1, ...,/c). Assume w.l.o.g. that tui, ...,w K occurs on in a conse- 
qutive order. Put 

W = {w u ...,w K }, W* = {<,...,<}. 
Let a, 6 <E {1, «}. Denote 

VT (a, 6) = w* p| ^(^4) 
We will say that w a ~dwb is a suitable segment if 

b — a 

I Wa^Wb I -1 > (/>„. +2(6-o) + ^(|fi(u 0+ i_i,f 0+ i)| -l), 

D*eW*(a,6) i=l 

where tT,-,!^- e {MU^o (j = 1, «)■ 

Claim 1. Leti £ {1, . ..,«}. If cither + ^ 1 or + = 

1 and 
W* (i, i + 1) Pi {wj, Wi+i} = 0, then WjC^+i is suitable. 

Proof of claim 1. Case al | W* (i, i + 1)| = 0. 

LetT tr (Ei,E i+1 ) = (E' i ,E' i+1 )andT tr (v i ,v i+1 ) = (vi,V i+1 ). Then u;, 
is suitable, since by (al), 

I wi~c!w i+ ± 1 -1 > 2 + (|n (yi,v i+ i) \ - 1) . 

Case a2. \W* (i, i + 1)| > 2. 

Let £, F be any two elements of {FJ 1 , £"*} with _E = xEv,F = yFw 
for some u,to £ W*. Since T tr (E,F) = (E,F) and C [7 , we have by 

(al), I v~dw \ ~1 > (p x + (f y + 2 + (\Q(x,y)\ — 1) implying that Wi~(3wi + \ is 
suitable. 

Case a3. \W* (i, i + 1)| = 1. 

Assume w.l.o.g that + = {wj}. If either Ei or (say Ei) 

has no vertex in common with E\, then using transformation T tr (Ei,E*) = 
(E^E*), we obtain by (al), 

I Wi~dw i+ i I -1 >| tUfC^tuJ I -1 > (p v * + 2 + (tJi,f i+ i) I - l) 
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for some appropriate Vi £ {v^ [jUo and tJj+i = v*. It means that Wi~Ctwi+i is 
suitable. Now let both Ei and -Ei+i have vertices in common with Sj". Walking 
along E{ from wj; to v{ we stop at the first vertex v £ V (Ei) (J V (E i+ i) . 
Assume.w.l.o.g. that v £ V (E l+ i). Putting E i+1 = wlElvE l+ iv l+1 and 
T tr {Ei, E i+1 ) = (E i ,E i+1 ), we see by (al) that for some appropriate Ui £ 
{vi}\J u o and v l+1 £ {v i+1 }\jUo, 

WiC?w l+ i | -1 >| WiCfwl | -1 > 2 + (fivi + (|^ (vi,Vi+i) \ - l) . 

So, again Wi i+i is suitable. A 

Claim 2. If w a C?Wb and Wb~dw e are suitable segments, then | w a ~dw e | is 
suitable as well. 

Proof of claim 2. Immediate from the definition. A 

Claim 3. Let Wg^un, is a suitable segment. If Wb ~5wb+i is not suitable and 
W* (6, b + 1) = {?«{,}, then w a Cw& + i is suitable. 

Proof of claim 3. Immediate from the definition. A 

Claim 4. Let i £ {1, ...,k}.UW* + Q { Wi ,w i+1 } and \W* + 1)| 
= 1 (say IF* (i, i + 1) = {w,}), then Wi_iZ?Wi + i is suitable. 

Proof of claim 4. Assume w.l.o.g. that W* 1) = {w*}, i.e. w* = 

Wi. If |W* (i — l,i)| > 2, then by claims 1 and 3, Wi-\(3 w i+ i is suitable. Let 
\W* (i - l,i)\ = 1, i.e W* (i - = {w*}. If either or E i+1 (say ^_i) 

has no vertices in common with E*, then using transformations T tr (Ei—i,E*) 
and T tr (Ei, E i+ i), we see that tOj_i C^Wi is suitable and by claim 3, 
is suitable as well. Now let both £j_i and E i+ i have vertices in common 
with E{. Walking along E\ from w\ to we stop at the first vertex v £ 

V (Ei-i) [jV {E i+ i) . Assume w.l.o.g. that v £ V (E i+1 ). If v =v 1 , i.e. = 
v*, then using T tr (Ei_i,WiE^vEi + iVi + i) and T tr (.Ej, Wi+iEi + ivvl) we see that 
is suitable. By claim 3, is suitable as well. Finally, if 

v i=-v i (i. e. v i+ i U ), then using T tr (E l ^ 1 ,WiElvE i v i+1 ) and T tr (E l ,E l+1 ), 
we see that Wi-iCwi is suitable, implying by claim 3 that Wi-i i+i is suit- 
able as well. A 

Claim 5. For appropriate Vi,Vi £ {v^ \J Uo, 

k r k 

z— 1 z— 1 i— 1 

Proof of claim 5. Suppose not. Let i G If Wi(3wi+i is not 

suitable, then by claims 1 and 4, either or WtCfwi+2 is suitable. 

Thus there exist some suitable segment on C and let w a ~&Wb be the longest 
one for some a,b £ {1, k} (a 7^ 6). If WbC^Wb+i is suitable, then by claim 
2, w a (?Wfc + i is suitable as well, a contradiction. Otherwise, by claims 3 and 
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4, WbC^Wb+2 is suitable and hence (by claim 2) w a 73wb+2 is suitable as well, a 
contradiction. A 

Claim 6. If k > 4 and h > 5, then for appropriate G {vi}{jUo 

{i = 1,...,k), 

- l) > K/i (T) . 

Proof of claim 6. Assume w.l.o.g that Pi = max^ {Pi}- Put 

A) = {*||n(tJi,Ui+i)| - i > pi} , a 1 = {i,...,k}\a , 

Ai 3 = {i £ Ai \uj £ {vi,v i+1 }} (j = 1,2). 
We can assume that A\ ^ 0, since otherwise by (il), 

K 

2(|n(Ui,u j+ i)|-i) >k/?i>« m (t). 

i=l 

If {«i,iJi+i} = {mi,u 2 }, then by (i8), i £ A . It means that A n p|A 12 = 0. 
On the other hand, by either An = or Ai 2 = 0. Assume w.l.o.g. that 
An = 0, i.e. A 1 = A u . 
Case bl. |A n | > 4. 

Recalling definition 3.9, it is not hard to see that there are at least two 
paths among E\,...,E K having vertices in common with V (T (ui)) \{u\} , i.e. 
|T(m)| - 1 > 2. By (i2), A 1 = , a contradiction. 

Case b2. |A n |=3. 

If follows that at least one of the paths E\,...,E K has a vertex in common 
with V {T{ui))\{ui}, i.e. \T(ui)\ - 1 > 1. Clearly -1 = 1, since 

otherwise \Au\ > 4. Assume w.l.o.g. that A\ = {1,2,3} and v\ = v 2 = V3 = 
u\. If T>2 = W3 = V4, then clearly Vi,V2 £ Uq and by {il), If2 {vi,v 2 ) | — 1 > Pi, a 
contradiction. Otherwise, by («4), |fi {vi, Vi+i) | — 1 > Pi for some i £ A\, again 
a contradiction. So, 1 < \An\ < 2. 

Case b3. |A n | = 2. 

Case b3.1. h > 8. 

Let i € 4i. Assume w.l.o.g. that iJ^ = ui,v i+ i = u s for some s £ {l,...,h}. 
By (il), |fi (Uj,U i+ i) J — 1 > /3j for each j e {1, h}\ {1, /i, s — 1, s}. Since 
h > 8, there are at least four pairwisc different integers fi, / 2 , /3, /4 in {1, h}\ 
{l,h,s-l,s}.By{il),\Q{v i ,^ i+1 )\-l>p f . {j = 1,2,3,4). So, 

/1 4 
ifieAi, then |n(u i ,U i+1 )|-l>-(2 J 8 j - J 8 1 - / 9 h -A_ 1 - J 9 a + 2 / 9 /4 ). 

ft i=i i=i 

On the other hand, 

ifiGA), then \n{vi,V i+1 )\ -1 >/?! = -(^Pi-^Pi + hpi). (17) 

ft i=i i=i 
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Since hfc - Pi - f3 h - /3 s _i - S > Ya=i Pi ~ Ya=x Ph > we have 

if i G A 0l j G At, then |fi - 1 + |f2(lJj-,fj + i)| - 1 > 2[i (T) . 

Observing that \A§\ > \Ai\, we obtain 

]T(I n(^,^+i) | -i) = (I n(vi^ i+1 ) | -i) + (I I -i) 

i=l ieA ieAi 

> (\A a \ - \AMT) + 2 \A,\ M (T) = (|A | + lAilMT) = «/i(T). 
Case b3.2. 6 < ft < 7. 

Let t € Ai. Assume w.l.o.g that tJj = Ui,?7j_|_i = u s for some s 6 {1, ...,h}. 
We will write i G ^4* if and only if |0(Ui,¥j+i) — 1 > /3j for some j € 
{l,/i,s- l,s}. 

Case b3.2.1. A x = A\. 

Let z G A\ and let = ui,?7,-+i = w s (s £ {1, .. ., /i})- By the defini- 
tion, |n (vi, Vi+i) | — 1 > Pj for some j G {ft, s — l,s}, say j = s. Since 
6 < ft < 7, there are at least three pairwise different integers /i,/2,/3 in 
{1, ft}\ {1, ft, s - 1}. By (il), |n (5J,-,f i+ i)| - 1 > max (/% , (3 h , /3/ 3 ) . So, 

1 h 

ifiGAx, then \n{v l ,v l+1 )\-l>-( S 22(i l -f3 1 -p h -P s ^ 1 + P h +P h +P h ) 

i=l 

and hence we can argue exactly as in case ft > 8. 
Case b3.2.2. A x ^ A*. 

Let A\ — {i, j}, where i g" A\ and let Vi — vj — u\, Vi+\ = u s , Vj+i = u r 
for some s,r G {1, ft,} (s < r). By («8) and (i9), 4 < s < r < ft — 1. If s = r, 
then it is easy to see (by definition 3.9) that either m G Uq or u s G C/o implying 
by (i6) that i G , a contradiction. So, assume s ^ r, i. e. 4 < s < r < ft — 1. 

Case b3. 2.2.1. ft = 7. 

Case b3.2. 2.1.1. s = 4 and r = 5. 

By (i5), either |fi (u^, tJj+i) | — 1 > /3 4 or | SI (vj, Vj+i) — 1 > /?4- Since z A\, 
we have Ifi (uj, Vj+i) \ — 1 > Pi- Using (il), we get 

i 7 

|fi (t3i,t>i+i) | - 1 > -(22 Pi - Pi -Pr ~Ps -Pi + 2/? 2 + 0t> + Pe), 

i=l 

1 7 

1 (Vj ,v j+1 )\-l>- (J2 Pi- Pi- Pt ~ 05 + 2/3 3 + ft). 
t=i 

Using also all k — 2 inequalities of type (TTT|) , we obtain the desired result as 
in case ft > 8. 

Case b3.2.2.1.2. s = 4 and r = 6. 
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By (jl) and (i9), 

\n (vi^ i+1 ) | - 1 > i(Ej =1 fa- Pi- lh- fa- 0*, + 2/? 2 + p 5 + AO, 

\n(v 3 ^ J + 1 )\ - 1 > i(Ej =1 Pi- 01- 05+03 + 04). 

Apply the arguments in case b3. 2.2. 1.1. 
Case b3.2.2.1.3. s = 5 and r = 6. 

By (il),(i5) and (i9), 

|« | - 1 > KEll Pi-Pl-P7-P4-P6 + 202 +03 + AO, 

|fi | - 1 > i(El=i &-0i-fo + 0a + 04)- 

Apply the arguments in case b3. 2.2. 1.1. 
Case b3.2.2.2. h = 6. 

Clearly s = 4, r = 5. By (il),(£5) and («9), 

(v h Ti i+1 ) | - 1 > i(E- = i 0i~ 01 -06 -03 - 04 + 2/? 2 + 2/3 5 ), 

Ofe, - 1 > 0i~01 + 03). 

Apply the arguments in case b3. 2.2. 1.1. 
Case b3.3. h = 5. 

Let Ai = and vi — Uj — ui, Vi+i — u s , Vj+i = u r for some s,r € 

{1, /i} (s < r). By (i8) and (i9), s = r = 4 and we can reach a contradiction 
as in case b3.2.2. 

Case b4. |An| = 1. 

Let An — {*} and Vi = Ui, Vi+i = u s for some s S {1, h} . 
Case b4.1. h = 5. 

By (z8) and (i9), s = 4. Also, by (il) and (z9), 

1 5 

\Q (Vi,v i+1 ) | - 1 > -(V 0i~ 01- 03 + 02 + 04). 

5 i=l 

Apply the arguments in case b3. 2.2. 1.1. 
Case b4.2. h > 6. 

There are at least two distinct integers /i, /2 in {1, h} — {1, /i, s — 1, s}. 
By(*l), 

1 ' l 

|n - 1 > -0i-0h- s -i - 0s + 2{3 fl + 2(3 h ). 

»=i 

Since | |> 4— | Ai |= 3, we have at least two inequalities of type (fT7|) . 
So, we can argue as in case b3.2.2.1.1. A 

By claims 5 and 6, c > E»=i + 2k + K/i (T) and the result follows as in 
case 1.1.1.1. 
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Case 2. k > 4, h < 4. 

Since h > k, we have h = k = A. Then there are four vertex-disjoint 
(H, C)— paths. It can be easily cheeked that c > 18. If 8 < 6, then c > 18 > 
20 (8 + 2) /9 = (ft + 1) k(<5 + 2)/(ft + k + 1). Let <5 > 7. Using (d3) wc can 
show that ipi < 3 for some i G {1,2,3,4}, i.e. maxj^j > (5 — 3. Then by 
lemma 3, c > £)? =1 (5 - pi) + 8 - 3 = 5(5 - 3 - £)? =1 ^. If Y,t=i <Pi ^ 12 > 
then c > 55 — 15 > (ft + 1) k (8 + 2) / (ft + k + 1). So, it sufficies to prove 

Eli Pi < 12. 

Case 2.1. Either |t/ | = or |[/ | = 4. 

It follows that ifi < 3 for each i G {1, 2, 3, 4}. 

Case 2.2. \U \ = 3. 

Assume w.l.o.g. that Uq = {ui}. If E, then it is easy to see that 

Pi < 3 for each i G {1,2,3,4}. Otherwise (u 3 «i€ -E), U2 W 4 ^ ^ and hence 
¥?1 < 3, ps < 4, y> 2 < 2 and ^4 < 2. 

Case 2.3. \U Q \ = 2. 

By symmetry, we can distinguish the following two cases. 
Case 2.3.1. Uo = {u-i,u±} . 

If M3 Ui£ E and ui 114^ E, then clearly ifi < 3 for each i G {1,2,3,4}. 
Assume w.l.o.g. that U3 «iG E. We can assume also u 2 E, since otherwise 
the cycle Ui Ui M3U4 u 4 u 2 ui is larger than _ff , which is impossible. Then clearly 
Pi < 3, </?4 < 3, P3 < 4 and <^2 < 2. 

Case 2.3.2. f7 = {ui, u 3 } . 

It is easy to see that pt < 3 for each i G {1, 2, 3, 4}. 
Case 2.4. |t/ | = 1. 

Returning to the proof of lemma 3, we can see that in this special case the 
lower bound in lemma 3 can be improved by a unit. So, it suffices to show 
J2i=i Pi — 13- Denoting Uo — {u^}, we see that 931 < 3, p 2 < 3, if 3 < 3, if 4 < 4 
and the result holds immediately. 

Case 3. n < 3. 

Claim 7. Let n G {2, 3} and ft > n. If there are no n + 1 vertex-disjoint 
(H, C)-paths, then c > min (k (ft + 1) , k (8 - n + 4)) . 
Proof of claim 7. Case dl. k = 3. 

Assume w.l.o.g. that E\,E 2 and -E 3 are T— transformed. We now prove that 
I toi (?W2 I —1 > min (ft + 1, 8 + 1). If t>2 = vf, then clearly 

I W\ ~(^W2 I —1 >| W1E1V1HV2E2W2 I — 1 > ft + 1. 

Let «2 7^ Walking along from v\ to we stop at the first vertex z 

with either z W2 G E or z w;i or z = v 2 . If 2 u; 2 G E or z = t>^~, then 

clearly | w 1 C t w 2 | — 1 > ft + 1. Let z w 2 G £7 and z w\ £ E. If z to e £ for 
some w G V (C) \ {wi, W2, w 3 }, then there are 4 vertex-disjoint (H, C)— paths, 

contradicting our assumption. So, N(z)f)V (C) C {w 3 }, i.e. i/j 2 > <5 — 1 and 
h > f z + I > 8. By (56), |0 (z _ ,i;2)| — 1 > -fz > Pz > 8 — 1 implying that 
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I W\dw2 | —1 > 5 + 2. Thus we have proved | W\3w2 | —1 > min (ft + 1, 8 + 1) . 
By symmetry, we have similar inequalities for segments W2 ~dw% and w 3 C?wi and 
the result holds from ft + 1 > 5 + 1. 
Case d2. k = 2. 

Apply the arguments in case 1. Claim 7 is proved. A 
Case 3.1. k = 3. 

We can assume that there are no 4 vertex-disjoint (H, C)— paths, since oth- 
erwise 

ft + 4 + 1 + 
Then by claim 7 we can distinguish the following two cases. 
Case 3.1.1. c>3(h+l). 

If h > 6 - 2, then c > 3 (ft + 1) > 3 (h + 1) (5 + 2) / (ft + 4). Otherwise, the 
result holds from c > 3 (S — 1) (sec [?]). 
Case 3.1.2. c> 3(5+1). 

If ft < 3(5 + 2, then c > 3(5+1) > 3 (ft + 1) {8 + 2) / (ft + 4). Let ft > 
3(5+1). Observing that c > 3 (ft/2 + 2) (by standard arguments) we obtain 
the result immediately. 

Case 3.2. k = 2. 

Apply the arguments in case 1. 

Thus we have proved the theorem for ft the length of a longest cycle in G\C. 
Observing that 

c >ii±i>4 ({+2)> i^ (s+2) 

~ h + n+l y ' h +n+l y ' 
for any ft < ft , we complete the proof of the theorem. A 
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